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Abstract 

In this article we will introduce, among others, the variety of subcomplexes and the variety of 
maps between complexes of given rank. Also, varieties of g-structure like g-Grassmannian, 
g-determinantal varieties and finally the variety D0£.J[{E) of differential graded Lie algebra 
structures on E. We will compute the dimensions of these varieties and also some relevant prop- 
erties. The motivation of this article is to give examples of moduli spaces relevant to deformation 
theory. 
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Introduction. 

This article is related to the variety of complexes studied in [IJ. The variety of cornplexes, 
often called Buchsbaum-Eisenbud variety, is the main topic of several articles, 101, fl. 



en cailea BucnsDaum-tisenDua variety, is tne main top ic 

, ill, 11, iS, M, d, m, Q, Q, Q, M, 111. 



In HI, §24] there is a general construction. Let V be a finite dimensional vector space over 
C, let f 1 , . . . , P,n be homogeneous polynomial functions on V and let I denote the homogeneous 
ideal generated by Pi , . . . , P,„ in the algebra 5 * (V"^) of all polynomial functions on V. Let X c 
Py denote the projective variety associated to I. Let G c GL(V) be the algebraic subgroup that 
leaves I stable. It follows that G acts on X. Denote by g the Lie algebra of G. For each x e Xwe 
will define a structure of a complex (li", li') in the graded vector space q®V®C"'. Let cf : q —> V 
be given by d^{a) = a.x and let : V -> C™ be given by d\v) = ((dPi)jc(v), (t/P,„)^-(v)). It is 
an exercise to verify that if x e X then t/'ii" - 0, so we have defined a map from X to the variety 
of complexes on g © V © C™, 

X l(cf, c/') € P hom(g, V) x Phom(y, C"') | <i'<i° = 0). 

The homology of each complex has a geometric meaning. If H^{x) - 0, that is, if g.x = T^X, the 
point X has an open orbit (it determines an irreducible component of X). See 1, 1 8,] for a proof and 
more references. 
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Let's see another interesting construction from the theory of Differential Graded Lie Algebra 
(DGLA) in the context of deformation theory. A Differential Graded Lie Algebra {E, d, [-, -]) is 
a graded vector space E together with a differential d of degree one and a graded bracket subject 
to some compatibilities, 

• [E',Ej] c E'^j, [a,b] = -(-lf^[b,a] 

• [a, [b, c]] = [[a, b],c] + (-lf'[b, [a, c]] 

• d(E') c c/2 ^ 0, d[a,b] = [da,b] + (-lf[a,db] 
Every DGLA E comes with its Maurer-Cartan variety 

MiE) = {xeE^\dx+ ^[x, x] = 0). 

It is of interest to understand the local behavior of some x e M{E). Note that if x e M(E) then 
d + [x, -] is a new differential in the Graded Lie Algebra (E, [-, -]), 

(d + [x, -])^ - d^ + [x, [x, -]] + d[x, -] + [x, d-] - 
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d + [x, [x, -]] + [dx, -] - [x,d-] + [x,d-] - -[[x,x], -] + [dx, -] - 
[dx + — [x, x], — ] — 0. 

Let T>Q£.^{E) be the variety of DGLA structures on E (we are assuming that E is bounded) and 
let DiE) be the variety of complexes on the graded vector space E then we have the following 
diagram, 

M(E) A DQZ^iE) ^ D(E), 

K(x)^(d+[x, -],[-,-]), n(6,[-,-])^6. 

Again, we have a map to a variety of complexes but also, we have a map to the mysterious va- 
riety DQ£.J[{E). From the definition of DGLA we know that is a Lie algebra and E' are 
ii^-modules, so to analyze D0£.J[{E) we would need some auxiliaries varieties of structures. 

Let's see another example. The theorem of Frobenius ( I19L 2.32]) implies that every differ- 
ential ideal I c Q*, generated by 1 -forms corresponds to a foliation in P". The homogeneous 
polynomials of degree e in J determines a subcomplex of the finite dimensional complex rij„(e) 
of forms with coefficients of degree e, 

m c Q*„(e). 

It would be necessary to understand the variety of subcomplexes of a given complex. In this 
article we will do that. 

This article is divided in two parts. In the first part (sections 1,2,3,4) we will work with 
varieties of graded structures. In the second part (sections 5,6,7,8) we will work with varieties of 
0-structures with g a semisimple Lie algebra. In the first section we will give some preliminaries 
that we are going to use in sections 2,3 and 4, like definitions, notations and some computations. 
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In the second, third and fourth sections we will study the variety of subcomplexes of a complex, 
the variety of maps of given rank and the variety of complexes of given dimensions. The fourth 
section is a review of llj] . In the fifth section we will give some definitions and notations to be 
used in sections 6,7 and 8. In the sixth, seventh and eighth sections we will study the variety of 
maps of a given g-rank (we call it g-determinantal variety), the variety of submodules of a given 
module (we call it g-Grassmannian) and finally the variety OQ£.J\{E) assuming E - E^®E^®E^ 
with a semisimple Lie algebra. All the proofs presented in this article uses standard techniques 
of algebraic geometry, see [20] for reference. 

1. Preliminaries on complexes. 

Given (V, d) and (W, 6) two complexes, we will denote hom(V', W) the morphisms of com- 
plexes. It is a graduate vector space. A morphism of degree / is an element of hom'( V, W). The 
group GL{V) will denote the automorphism of the complex V. An element in GLiV) is an in- 
vertible endomorphism of (V, d). In this work we will assume that all the complexes are bounded 
and finite dimensional 

n 

W = dimW,<oo. 

;=o 

Notation 1. For / e hom°(y, L), let 

rk(/) := (rk(/0),rk(/'), . . . ,rk(/")) € Nl^K 
Also, let dim V :- rk(lv), 

dimV = (dim(y°),dim(y'), . . . ,dim(y")) e W^^^. 
For r,se Nq^' we define the order s < r induced by No, 

s < r <=> Si < ri < i < n. 
Lemma 2. Let (V, d) and (V, d') two complexes then hom"(y, V) is a vector space of dimension 

n 

dim hom°(y, V) = ^ h'h'' + rk(d')rk(d"), h' = dim H'(V), h" = dim H'(V'). 

1=0 

Proof. Let Z' ker(d'), B' im(d'-^), H' Z'/B' and C a complement of Z' in V', then 

V' ^Z' ®C' = B' ®H'®C. 
Note that C = B'^' because d\c is injective. Same for V. 

Let / 6 hom''(y V) then f(B) c B' and f{H) c H', so we may suppose 

b' e h' e B'+' b" e //"' e b"'+' . 

Given that f'd'~^ = d"~^f'^^, we have that f'\g, is determined by and then /' is defined by 
an element of hom(//',i/") xhom(B'+',B"+'). Finally, 

n 

hom°(y y') s ^ hom(//', H'') x hom(B'+', 

□ 
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Corollary 3. Let Land N be complexes such that dim L - dim A' - r and dim H{L) - dim H{N) - 
s, then 

dimker(c/y = dimker(t/]y). 
Even more, let z' '■- dimker(t/') then 

z' = -z'"' + Si. 

Proof. LetZ' = ker(t/'), = im(t/'-i), //' = Z'/B' and C = a complement of Z' in V. The 
dimensions of these spaces are denoted with lower cases z\b' , h', c',v'. 

Let proceed inductively. Given that the complexes start in degree zero, we have 

z^L) = /z"(L) = h^\N) = z°(N). 

Given that dimL' - dimA^' and dimL' = z'(L) + b'^^{L) we have by inductive hypothesis 
b'+^(L) = b'^\N). Given that /i'+'(L) = h'^\N), we get 

z'+i(L) = 2'+i(A?). 

□ 

Notation 4. Let;^, : Z"+' — > Z the /-partial characteristic, 

;r,(f) f/ - f/-i + f,-2 - . . . + (- l)'fo, f e 2"+' 
Resolving the recursion in[3] z' = r,_i - z'^^ + s,, we have 

Proposition 5. Let V, L and N be complexes such that dim L = dim and dim H(L) - dim H{N) 
then 

dimhom°(y,L) = dimhom"(y, A^). 

Proof. From[3]we know z'(L) = z'(A^). Given that dim(L') = dim(A^') we have b'+\L) = b'^^N) 
then 

h'{V)h'{L) + b'^\V)b'*\L) = h\V)h'{N) + b'^\V)b'*\N). 
Using|2]wegetdimhom''(y,L) = dimhom"(y, A^). □ 

Corollary 6. Let (y d) be a complex then ;\f„(dim V) - Xni^vm HV). 

Proof. 

n n 

;t'„(dimy) = ^(-l)'dimy'' = ^(-l)'(dimim(t/'"') + dimH' + dim y/im(t/'"')) = 

n n 

^(-l)'(dimim(t/'"') + dimi/' + dimim(t/')) = ^(-l)'dimi/'(y) = ;^f„(dimi/y). 

1=0 1=0 

□ 



The group GL(V) X GL(W) acts on the left on hom(V, W) in the following way 
(0, ,^).f := if,f(l>-\ (0, il,) € GL{V) X GL{W). 
Given that / is a map of complexes, 6f = fd, its conjugate is also a map of complexes 

Given that V and W are bounded and finite dimensional in each degree, GUV) x GL{W) is a Lie 
group with Lie algebra hom°(y, V) x hom^ClV, W). 

The group GL(y) acts on hom(y, V) by conjugation, 0./ := <pf(/>'^. 

2. Variety of subcomplexes of a given complex. 

Let us fix a complex (W, 6), W = W,, dim W, < oo and let - 0iW) the variety of all the 
subcomplexes of W, that is, L e ^ if and only if L c W is a subcomplex of W. 

For r,s€ Nq^^ let §r,s £ Grass(W°, ro) x . . . x Grass(W", r„) be the subvariety of g consisting 
of all the subcomplexes L such that dimL = r and dim H{L) = s, 

QrAW) = &r,s := {(L°,L',...,L")|(y(L') c L'+', dimL = r, dim//(L) = s]. 

Proposition 7. Let w := dimly and h := dim H{W). Suppose Qr,s + ^hen it is irreducible, 
smooth and 

n 

dimQr^s = - + OCii'W - h) -Xi{r - s))Xi(r - s). 

i=0 

Proof. Consider the map that forgets the last coordinate 0r,s Srs- The fibers of this map 
;r-i(L<',...,L«-i)are 

{L" c W" I S"-\L"-^) c L", dim(L") = r„, dimker(5"|i») - rk(<5"-\»-i) = s„] = 

= Gra&s{ker6" I6"-\L"-^), s„) x Grass(iy7kerJ", r„ - rk(5"-i|i„-i) - s„). 
They are smooth and irreducible. Given that 

r„ - rk((5""\„-i) - s„ = r„ - (dimker((5"|z,») - s„) - s„ = 

r„ -Xn-\{r) -Xnis) =Xn(r) -Xn(s) =Xn(r - s), 

we have 

dim7T-\L°,...,L"-^) = 
idimH"iW) - s„)s„ + (dimW" - dimker J" -x„ir - s))Xnir - s) = 
{h„ - Sn)s„ + Or„(w - h) -Xn{r - s))Xn{r - s). 
The result follows by induction. □ 
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The group GL(W) acts on g(W). We will say that L ~ N if there exist tp € GL(W) such that 
(P\l : L — > N, in other words, L is related to <piL). The relation in well defined because (/> is an 
invertible map of complexes and given that 6{L) c L we have 

(50(L) = (l>SiL) c (f>{D =^ 4>.L € QiW). 

This action preserve the variety ffr,s, 

dim(L) = dimi^.L), dim(//(L)) = dim(H(<p.L)). 

Given that the action is transitive on Qr.s, it is an orbit. 

Let's study the existence of some L QW with dimL = r and dim H{L) = s, in other words, 

Proposition 8. Let r <w.= dim W, s <h:= dim//(iy), h.<w and s <r. 

QrA^ ^ ^ < Xi(r -s)< Ar,(w - K). 

Proof. Write each W = Z' e C, where Z' s B' e and C a Let's start the induction. 
Define = L\® L^, where L^czP = and L^, c C*^ with dimL^ = sq and dimL^ = ro - io- 
This is possible because 

< ro - So = dim(L°) < dimC" - wq - ho => dim(L°) = ro. 

Suppose we have defined up to L'. Given that 6'^ is injective there will be in L'^' a copy of 
U nC = U'^^ n B''^^ By inductive hypothesis, L is a complex of the required dimensions, then 

dim(L'+' n = dim(L'' n C) = dim(L') - dim(Z'' n L') = r,- - Xi-i{r) - Xiis) = - s). 

Let L^' c of dimension let L^+' = n B'"'' and let U*^ c C'+' of dimension 

- (dimL^^ + dimL^^) = r,+i - -Xi{r - s) = Xi+iir - s). 

This is possible because 

<XMir -s) = dimV^' < dimC^' =XMiw -h)^ 

The other implication is obvious. □ 

3. Variety of maps between complexes of given ranli. 

Let V and W be complexes, 

n n 

V=^Vi,W = ^ Wi, dim V,, dim W,- < oo. 

(=0 (=0 

The group GLiV) x GLiW) acts on hom°(y, W), 
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where = 6'f\ f^^d' = d'(p', = S'tfr', 0' e GL(V') and i/r' e GL(W'). Note that 

rk(/) is invariant under conjugation, ik{tj/f(p^^) = rk(/) and if we denote [/] the map induced on 
homology, rk([/]) is also invariant by this action, rk([^/0"^]) = rk([/]). For each r,s€ let 

Cr,s = CrAV, W) {/ G homO(y, WO I rk(/) = r, rk([/]) = s}. 

Then 

IJ Cr,s = hom\V, W). 

0<r<dim W, 
0<s<<iimH(W) 

Lemma 9. Let f,g e hom^(V, W) such that rk( f) - rk(g) - r and rk{\ f \) - rk{{g\) = s then 

dim/'(kerrf) = Xi-i{r) +Xi{s) = dimg'(ker<5'). 
Proof. Given that vk(f\^a>) = MifJ) = Mlg^'T) = rkC^^lker^o) we have 

dimC/Cker = dimC^^ker^)). 

The following applies 

rk(/') = dim/'(kerrf) + rk(/'+'rf), rk(g') = dimg'(ker5') + rk(g'+'(5'). 
By inductive hypothesis, dim/'(kerd') = dimg'(ker5')> also rk(/') = rk(g') then 

Given that rk([/'-^i]) = rk([^'+i]) we finally get 

dim/'+'(kerrf'+') = rk(/'+'t/') + rk[/'+'] = rk(g'+'5') + rk[g'+'] = dim^'+'(ker5'+'). 

The formula for the dimension follows from the following recursion: 

rkf = dim/'(kerc?') + rkC/'"" V') => 

ikf + rk[f'^^] = (dim/(kerc?') + rkif^^d')) + Tk[f'*^] => 
rt + SM = dimfikerd') + (rkif^'d') + rk[f^']) =^ 
ri + sm = dim/'(ker J') + ^mf^\kerd'*^). 

□ 

Proposition 10. Letv = dimV, ¥ = ^mH{V), w = dimWandh"^ = dim HiW). IfCr,s + © 
then Cr,s is irreducible, smooth and 

n 

dim(C,,,) = YJ<K + K- Si)si + (Xi(v - h') +Xi{w - h") -Xiir - s))xi{r - s). 

i=0 
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Proof. Consider the map that forgets the last morphism 

^ ■ Cj-.s 

Its fibers n-\j) = n-H.fj\. . .,/""') ai-e 

{/" e hom(y", W") = 5"-'/"-', rk(/") = r,„rk([/"]) = i,,}. 

As usual write V" ^B"y®Hl® C"y and W" = B'^ e //j^ e C'^. Note that 

{/" 6 hom(y", W") I f"d"-^ = ^n-iy"-! } ^ hom(//^, //(V) X ^om{C"y, C^) 
The rank of /" over Hy must be s„ and over Cy must be 

r„ - rk(5"- - 5„ = Xnir) - Xn(s) = - 
Then all the fibers 7r"'(/) are isomorphic to 

{/i e hom(//« , I rk(/i) = } x {/2 e hom(C^, C^) | rk(/2) = Xnir - s)]. 
They are irreducible, smooth and of dimension ( 1I20I, proposicin 12.2]) 

(dim//;;, + AxmH'^ - s„)s„ + (dimQ + dimC;^ - Xn(r - s))xn{r - s) = 

{hi + K - Sn)Sn + iXniv ' //) + Xn{^v - /i'") 'Xnir ' s))x„{r - s). 
The result follows by induction. □ 

Given that GL{V)xGL{W) acts transitively on the irreducible, smooth vaiieties Cr,s, it follows 
that Cr,s are the orbits of the action. 

Proposition 11. Let w :- dim W and h„ :- dim//(W). Assume Cr.s + then 
Proof. Let 

Er,s '■= C,,i,. 

Being close we have Cr,s £ ^r,.?- Given that Cr,j is dense in Er^s, to get the equality we will see 
that Er,s is irreducible. Let 

J,,, := l(L,f) I im(/) c L) c ^,.,(^0 x hom°(y, W). 

The fibers of the first projection 7t^^(L) = hom*'(y, L) are irreducible of the same dimension, then 
Jr,j and im(7r2) are irreducible. Let's see that im(7r2) = £^,.5, let / e C,,,,, (f, m) < (r, i) then 

3L 6 g^AW) I im(/) c L ^ ^,-r,.-„(W/im(/)) ^ ^ 

- - - «)) < Xiiiw - f) - (/ih< - u)) ^ 
Xi(r - s) <Xi(w - K) ^ grJW) + 0- 
Given that Cr,s + 0, we get Qr,s{W) + 0- Note that we recover the formula 

dim(C,,,) = dim(£,,,) = dim(^r,j(W)) + dim(hom°(y L)). 

□ 
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Corollary 12. C,,„ c C,-,., <^ (u, < (s, r). □ 
Corollary 13. 

where min(fl, b) :- (min(flo, ^o), ■ ■ ■ , min(fl„, b„)). □ 



Proposition 14. Lef v = dim V,w - dim W, /i'' = A\mH{V), - dim//(W). Lef r and s such 
that r < min(v, w), s < min(/z'', h") and s < r. 

Cr,s ^ ^ < -s)< minOrXv - h''),Xi(w - h"")) 

Proof. As usual write V' ^ Z'y ® C'y, W ^T^® C^, Zj, = B\ e H\^, = B'^ e //i^,. Let's 
proceed by induction. Let /° = ffi of rank so and ro - sq respectively, 

This is possible because 

< ro - so = rk(/°) < min(dimC°,dimC^) ^ rk(/°) = ro. 

Suppose we have defined /'. Given that and 5'|q^ are injective, there will be in /'^' the 
component/^ of rank rk(/') - rk(/'|2p. Let's call it /^^^ By inductive hypothesis we have 

rk(/^+') = rk(/') -rk(/'b) = r; -Xi-x{r) -xh) ^ xir) -XiiA 
Let /jj^' of rank and let /^^' of rank 

'■i+i - sm - (Xiir) -xAs)) =^,+i(r) -Xm{s). 

This is possible because 

<;r/+i('-) < min(dimCi;\dimCi^') = minOt,+i(v - 1^'\xm{^ ' h")). 

Then rk(/'^') = r,+i and rk([/]'^') - s,+i. The other implication is obvious. □ 
Corollary 15. Let f e hom°(y, W) then 

Xn(rk(f))^Xn(rk([m- 
Proof. We have / € Ct,„ for some t,u e Ng^'. From [T4l andl6lfollows 

< Xn(t - m) < Xnit) = Xn(u)- 

□ 
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3.1. Subvariety of quasi-isomorphism. 

Fix (V, d) and (W, 6) two complexes such that h = dimH{V) = dim H{W). This is a necessary 
hypothesis for the existence of quasi-isomorphisms. Let Q - Q(V, W) c hom'^(y, W) be the 
subvariety of quasi-isomorphisms, v := dimV and w := dimW. Let / e hom"(y, W) be a 
quasi-isomorphism then there exist q such that / e Cg^h- In fact, using [141 we know that 

Cc,j, ^ <^ < Xiiq - h) < min(Y,(v - h),Xi{w - h)) ^ 

<Xi(q) -Xi(h) < mm(xi(v),Xi(w)) -xAh) ^ 
Xi(h) < Xi(q) < rain(x i(v),Xi(w)). 

Then if q is such that 

h<q< min(v, w), XiW < Xiiq) ^ ^n(xi(v),Xi(w)) ^ Cqj, £ Q- 

The irreducible components of Q correspond to the maximal q satisfying this condition. When 
V = w we have one maximum q, so Q - Cvj, is irreducible of dimension 

n 

dim(Q) = ^/i2+;^,.(v-/z)2. 

4. Variety of complexes. 

Suppose we have V - H(V). We want to study the variety D - D(V) c hom'(y, V) of all the 
complex structures over V. 

n = n(V) := {d e hom^iV, V[l]) \dod^O}. 

The action of GL{V) on D is different from the action of the group GL{V) x GL(V[l]) on 
hom'(y, V) whose orbits are C,-,,-. The group GL(V) preserve the condition d^ - but GL(V) x 
GL(y[l]) does not. Let's define 

Dr -.^ {d e Cr,r\d^ ^ 0] ^ {d : V V[l]\d^ ^ 0, rk(d) = r}. 

The reason why we used Cr,r in the definition is that V = H{V), so Tk{d) - rk([d]) for every 
d € hom"(y y[l]). The action of GL(y) preserve D,, 

((f>d<f''^f = (f>d(f)'^4>d4>'^ = cf)d^(f)'^ = 0. 

Given that d'^^d' = it is possible to find a basis of V and of y'^' in such a way that the matrixes 
of both maps are diagonal (with ones and zeros), then the action is transitive implying that D, 
are the orbits. Even more, the irreducible components of D are £),. for some r e NjJ^' . 

Proposition 16. Let v - dim V and let r e N",^'. IfDr + ihen 'Dr is smooth, irreducible and 

n 

dimDr = ^(Vi + Vi+i - r,- - r,_i)ri. 

!=0 
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Proof. Consider the map that forget the last differential 

The fibers n'^id) = n-\d°, d\..., d"'^) are 

{d" 6 hom(y", y"+') I d"d"-'^ = 0, rk(d/") = r„) s 

{/ G hom(y7im(flf"-i), y"+') |rk(/) = r„}. 
They are irreducible, smooth and of dimension 

((v„ - r„_i) + v„+i - r„)r„ = (v„ + v„+i - r„ - r„_i)r„. 

The result follows by induction. □ 

Proposition 17. Let v = dim V and let r € Ng^^ Asswrne Or then 

Wr = [^D, = {d\d^ = 0, < r}. 

Proof. Let 

Er:={d:V ^ V\M\dod = 0, rUd) < r). 
Being close we have Dr Q Ey. Let 

Ir := {(L,</) limt/' c L'+i c ker J'-^i} c x £). 

The fibers of the first projection 7t\^{L) = hom"(y/L, L[l]) are irreducible of the same dimension, 
then Ir and im(;!-2) = Er are irreducible. Given that Dr is dense in Er we get the equahty. □ 

CoroUary 18. 2), c <^ t<r. □ 



Corollary 19. D,[]Dr^ D^inM- □ 
Proposition 20. Le? v = dim V and let r e W^^ be such that r,- < v,+i ;/jen 

£)r ?t <=^ n + ri.i < Vi. 

Even more ifd e Dr, 

<^H\V,d) = Vi-ri-ri_i. 

Proof. Suppose we have dP,..., d'~^. Given that dod = 0, the map d' induces 

d' : y'7im(J'-^) V'^K 

We need rk(d') = r;. By hypothesis we have r,- < v,+i, so i/' exist if and only if r,- < v, - r,_i . In 
particular we have calculated the dimension of H\V,d). □ 
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4.1. Subvariety of exact complexes. 

Let £ = £(V) £ DiV) be the subvariety of exact complexes. Let v = dim(y) and e, : = 
Xiiy) ^ 0> froml20lwe have 

e/ + e,-! = Xi(y) +Xi-i(v) = Vi < v,- ^ C 2D. 

n 

dim(2)f) = ^(y,- + v,+i - e; - e,_i)e/. 
/■=() 

Given that v, - e,_i - e,- = 0, if li e D^, we have dim HiV, d) - 0. It follows from|20]that any exact 
differential belongs to De, then 

£ = ^={£/|t/2=0, rk(c/')<e,}. 

If some e,- < there are no exact differentials. 



5. Preliminaries on g-structures. 

Let g be a semisimple Lie algebra over C. Let R(q) be the ring of finite dimensional g- 
representations. To each representation V we associate its class cliV) e R{g). Every finite 
dimensional representation could be written as a sum of irreducible representation. This decom- 



position in unique up to isomorphisms (see |21, §23.2]). For example, it is well known, 121 
11.31],thatif y = ^'■(C^) then 

cliSHV)) = cl(S^''-'^'\C^)) e RishiC)). 

m=0 

Definition 21. For S e R{g) we will say 5 > if its decomposition as a finite sum of irreducible 
representations has only non-negative coefficients, in particular 

Si < S2 <=> S2-Si> 0. 



Note that V QW <=^ cl(V) < cl(W) where cl(V) and cl(W) are its classes in R(g). 

Given / : V — > W a morphism let's define its g-rank as 

rk,(/) d(im(/)) e R(g) ^ vk,(f) < cl(W). 

Let homg(y, W), be the variety of all the g-morphisms with g-rank s E R{g). Given a repre- 
sentation y and a subrepresentation S , let Grg{V,S) be the variety of all the subrepresentations 
isomorphic to S . Given that this variety only depends on the classes of V and of 5 , in general we 
will denote it Grg(cl(V), cl(S )). 

We are going to study homg(y, W)s and Grg{V,S). Let's start with homg(y, W)s. 
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6. g-determinantal variety. 

Proposition 22. Let V and W be two representations with cliV) — nicl{Vi) and cl{W) — 
Yj]=\ niicl{Vi) then 

k 

dimhomg(y, W) - dimhomg(c/(y), cl{W)) - ^ «,;«,. 
Proof. It follows from the following: 

e,j hom(,(y,-, Vjf '"'' = ®, homg(y,-, y,)"'"" = ®tiC"""'. 
The last equality follows from Schur's Lemma, f22l, §6. 1]. □ 

Lemma 23. Let V be an irreducible representation and let n, m, i e N with s < min(m, n) then 

homg(y", y'")y., s hom(C", C™).- 

Proof. The representation V has only one highest weight line, (v). In general V" has only n 
highest weight vectors linearly independent {vi , . . . , v„). A morphism from V" is determined by 
this vectors. Every morphism sends highest weight vectors to highest weight vectors hence 

homj,(y", y'") = hom(C", C"). 

Let / E homj,(y", V"') such that im(/) = V" then / sends the highest weight vectors vi, . . . , v„ to 
s linearly independent highest weight vectors of V"\ In other words, / determine a linear map of 
rank s. Finally the result follows. □ 

Corollary 24. Let V and W be two representations with cl(V) = 2f=i nicl{Vi), cl{W) - 2/Li micl(Vi) 
and letO < s < min(c/(y), cl(W)) with s - ^jLj i,c/(y,) then 

homj,(y W), = hom(C"', C""),„ x . . . x hom(C"', C"").,,. 

In particular, to have maximal Q-rank is a generic condition. 

Proof. It follows from the previous lemma and from the following: 

homg(y W)s = homg(y;' , yp )yn X ... X hom^iVf, yf ')^,, . 

□ 

Proposition 25. Given cl{V) = nicl(Vi), cl(W) = Zli mcliVi) and s = Y!1=i Sicl{Vi) such 
that < i < min(cZ(y), cl{W)) we have that the variety homg(y, W)s is irreducible, smooth and 

k 

dimhomj,(y, W)s - ^("i + 'W; - Si)si. 

i=l 
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Proof. We already know that the variety homg(y, W) , is irreducible and smooth. The dimension 
follows from 1 20, 12.2], 

dimhom(C"', C'"')s, = («/ + ffi; - 

□ 

Remark 26. Assume V - W and cl(V) - YJi^i n/c/(V,). An endomorphism of maximal g-rank 
is the same as an automorphism, so we have that the space of automorphisms is a dense open 
subset of endg(y). In particular, 

k 

dimautg(y) — ^n^- 

1=1 

Proposition 27. The group autg(V) x aut^iW) acts on the left on homg(V', W) and this action is 
transitive on homj,(y, W)s. 

Proof. Given (0, i/r) e autg(y) x autg(lV) and / e homg(y, W)s, let 

The automorphisms and i/r sends each irreducible submodule into a copy of that irreducible 
submodule, then 

im(/) - im(0/r') ^ rkg(/) = rkg(0/r'). 
The transitivity follows from standard arguments. □ 

Proposition 28. Given cl{V) = nicKVi), cl{W) = '};!l=i niicliVi) and s = '};!l=i SicKVd such 
that < s < min(cZ(y), cZ(W)) we have 

homB(y W)s = U homg(y W), ^ [f -.V W\ rk^if) < s]. 

t<s 

Proof. The result follows from 

homCC'sC^O., = (/ : C"' — * C"' |rk(/) < Si). 

□ 



7. g-Grassmannian. 

Let's study now the variety Grg(V,S). 
Lemma 29. Let V be an irreducible representation and let s < n e N then 

Grg(V",V') = Gr(n, s). 

Proof. A subrepresentation of V" isomorphic to y* determines and is determined by a subspace 
of dimension s inside the n dimensional vector space of highest weight vectors of V". □ 
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Corollary 30. Given S QV with cl{V) = Zti n/cZ(y,) and cl{S) = Zli ^/c/(V,). 

Gr,(V,S) = Gr,(V';',Vl') x . . . x Gr,(V;\ Vf ). 

Proof. Every subrepresentation 5 c y is given by a morphism S V, so it decompose as a 
sum of V.' ^ V"', in other words we have subrepresentations V'.' c y"'. □ 

Proposition 31. Given S Q V with cl(V) - X'i^i nicl(Vi) and c/(5) = ■5/c^(V/)- The variety 
Gr^iV, S ) is irreducible, smooth and 

k 

dim Grg(y, 5) = ^(n,- - 

/=i 

Proof. We already know that the variety GrQ{V,S) is irreducible and smooth. The dimension 
foUows from 120, p.l38], 

dim Gr(n, s) - {n- s)s. 

□ 



8. The variety D^X^CE). 

Recall the definition of a DGLA (E, d, [-, -]), 

• [E\Ej] c £'+■'■, [a,b] = -i-lf^[b,a] 

• [a, [/7, c]] = [[a, fe], c] + (-lf^[/7, [a, c]] 

• c ^ 0, ^^[fl>] = [t/fl>] + (-If [fl,^^^7] 



Note that Zi" is a Lie algebra, E' is a module (/ > 0), is a derivation (" ||23[ 7.4.3]) and that the 
bracket x £' — > ii^ is symmetric. In this section we are assuming E - E'^ ® E^ ® E^, so a 
DGLA structure on E is the data of a semisimple Lie algebra two modules £' and E^, two 
lineal maps d^ and li' and finally a symmetric bilinear £''^-morphism / : S^{E^) — > E^, 

£ = £**e£' c/' : £° c/' : £' ^ £\ / : E^. 

They satisfies the following conditions 

d°([a, b]) = -b.d°(a) + aJ\b), d\a.x) = fief a, x) + a.d\x), d^J^ = 0. 

Let's define the variety Dg£J{{E), 

DgZniE) = {(£/", £/\/) I DGLA on £). 

Notation 32. For every e e I)Q£,^{E) we have its corresponding Maurer-Cartan variety M(e) 

M{e) {xeE^\ 2d\x) + /(xx) = 0). 

We are using a lowercase e to distinguish it from the graded vector space E. There are a lot of 
structures of DGLA in the same space E. 
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Notation 33. Let g be a semisimple Lie algebra and let V be a module. The space of derivations 
der(5, V) is representable by a module I in such a way that every derivation d corresponds to a 
0-morphism 0^ : J — > V, 

der(0, V) = homgCJ, V). 
In this way we can associate to every derivation the g-rank of (pa, 

der(fl, V) ^ R(Q), d ^ rkgC^d). 

Recall that in the semisimple case all derivations are inner derivations then der(0, V) = V. In 
other words, the notation V, will mean 

V, - der(0, y), = {de der(0, V)\rk^(<Pd) = s]. 

Proposition 34. We have the following union of irreducibles, smooth subvarieties 

0<v<e/(£i) 

where 

DgJ:^{E\ = {{(f,d\f) e D0jy{{E)\^€ El), 
A\mD&£y{{E\ = 6kaEl + 6imhomEo{E^ /v, E^) + dimhomEO {S^{E^),E^). 

Proof. The projection n\ : DQJL9{{E\ — > El has fibers 

n\\d^) = {{d\f) I d\ax) = f{(fa, x) + ad\x), d^^ = 0}. 

Let (<i\ /) e n\^{cP) and recall that / is an E^-morphism and that (f is an inner derivation (i.e. 
= -.y for some y € E^). Let's analyze the conditions for {d^,f): 

d^{ax) = f{ay, x) + ad^{x) = af(y, x) - f(y, ax) + ad^{x) 

ad\x) + af(y, x) = d\ax) + f(y, ax) + f(y, -))(x) = (d^ + f(y, -))iax) 

d'+f(y,-)€home>iE\E^). 
Projecting the variety n'^^id^) over its second factor with p2 and taking fiber, we get 

Pl\f) = id' I d' + f(y, -) € hom£o(£i, E^-), d'cP = 0} = 
[g € hom£o(£\ I {g - f(y, _)yO = 0}. 
Let's rewrite the last condition 

= - f(y, -))Aa) = ig- f(y, -))iay) = giay) - f(y, ay) = 

agiy) - ^f(yy) = a{g(y) - i/(yy)) Va E E°. 
Given that E'^ is semisimple, the last equation is equivalent to 2g(y) - fiyy). Finally, 
P'lif) = {g^ home>{E\E')\g{y) = f(yy)] - hom^(£Vv,£'). 

Note that 

imip2) ^home>iS\E^),E^). 

□ 
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We will see in the next two lemmas that every Maurer-Cartan variety of a DGLA F with F° 
semisimple appears in a DGLA e € Dff£JliE)o where E - F'^ ® ® kevd^. Note that e has 
d° = 0. 

Lemma 35. Every degree zero map between two DGLA, (f) : E F, induces an equivariantmap 
(pi, : M{E) — > M{F). If(po, (/>\ are bijective and (f>2 injective, 0* is an equivariant isomorphism. 

Proof. Let x e M{E) then 2dx + [x, x] = 0. Let's see what happens with (p{x), 

2d(4>{x)) + [4>(x), 4>{x)] = (p{2dx + [x, x]) = 0, 

then we have a well defined map : M{E) — > M{F). 

The simply connected Lie group associated to the Lie algebra E^ acts on E^ preserving the 
Maurer-Cartan variety. This action is called gauge-action, 

Za da 

k=0 

Let's see that 0* preserve this action. Let a e E^,x € M{E) and let b - (poia) e F*^, y - 4>i(x) e 
M(F). Given that is a DGLA map, we have (piid^a) = d°(f)oia) = cPb then 

da \^ , db 

Finally, suppose that 0i is surjective and 02 injective, 

z e M(F) =^0 = 2dz + [z,z] = 2d(p(x) + [0(x), 0(x)] = (p(2dx + [x, x]) ^ x e M(E) 

then (pi, is surjective. If 0i is injective, clearly so is 0*. □ 

Lemma 36. Let E = ffi £' ffi Zi^ with semisimple and E^, E^ two modules. For every 
e e Dg£JliE) there exist'e € Dg£JiiE)o such that 

M{e) = M(e). 

Proof. Given x e M{e) we can construct another DGLA structure on E different from e = 
{cP,d\f), 

7:=(d''-fi,,d' +f(x,-),f) 

where fix is the inner derivation jUx(a) - a.x - -[x,a\. The Maurer-Cartan variety M(e) is 
isomorphic to M{e) in an equivariant way: 

M(e) — > M(e), z -> z + x. 

oo t , CO h J oo h 

v-1 a , da- ax, ci\ da ^ a ax 

OO u J oo u oo U J 

a\ da ^ a \^ da ^ 

k=o " ^ ^ k=0 ^- k=o ^- ^ 
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Given that cf is an inner derivation there exist y e E such that cf - /i, , then if y e M(e), we can 
make e'e Dgjy{{E\). Let e = (j2y,d\ f) e Dg£n(E), let's see thaty e M(e), 

= d'^yia) = ^/'(fly) = /(fly,);) + ad\y) = 

^af(y,y) + ad\y) = fl(fl'i(3') + ^f(y,y)) Vfl e 

Given that E'^ is semisimple, y e M(e). □ 

Remark 37. From the previous two lemmas we know that every Maurer-Cartan variety as- 
sociated to a DGLA E with semisimple could be obtained from a structure of the form 
e - (0, d^f). We want to mention here that e induce an £''^-morphism 

e : ®S\E^) E^, e(x, q) = 2dHx) + f(q). 

We already noted before that / is an Zi^-morphism and in this case, when d^ - 0, we get that d^ 
is also an £''^-morphism (see the DGLA conditions). In fact, we have 

Dgj:jl(E)o = hom£o(£i ® 5-(£'),£2). 

For every submodule isomorphic to E^ inside © S^(E^) we wiU have a variety of Maurer- 
Cartan. 
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